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Boolean Networks With Time Delays 

2

 During the growth of a bacterium, several external environmental

conditions including temperature, growth rate, external interference, or

concentration of nutrition can cause time delays.

 Thus, BNs with time delays are sometimes better to model real biological

systems or gene networks.

 Moreover, in many situations, time delay cannot be ignored in practice,

since it can heavily affect the dynamics of the networks.

Background:



Single time delay

Temporal/High order time delays

Time-varying delays

Time delays in distribution
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Controllability of BCN with time delays in states 

A Boolean network of a set of nodes 𝐴1, 𝐴2, . . . 𝐴𝑛 can be described as: 

Since time delay cannot be avoided in many cases, we assume that the Boolean networks have time-

invariant delays in states as follows: 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

I.  Problem Formulation 



Boolean control networks with time invariant integer delays in states as follows: 

Two kinds of controls are considered:

(1) The controls are logical variables satisfying certain 

logical rules, called input networks such as:
(2) The control is a free Boolean sequence. Precisely, set

.           Then the control is a designed sequence.

Multiply

I.  Problem Formulation 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Definition 1 Consider system (4) with control (5). Given initial state sequence 𝑥 −𝜏 , 𝑥 −𝜏 + 1 ,… , 𝑥(0) ∈
𝛥2𝑛, and the destination state 𝑥𝑑 , 𝑥𝑑 is said to be controllable from initial state )𝑥(𝑖 − 𝜏), (𝑖 ∈ {0,1, ... , 𝜏} at s

steps with fixed (designable) input structure G, if we can find 𝑢0 (and G) such that 𝑥(𝑠 + 𝑖) = 𝑥𝑑 .

Case 1: s is fixed and G is fixed

Theorem 1 Consider system (4) with control (5), where G is fixed. 𝑥𝑑 is s step reachable from 

)𝑥(𝑖 − 𝜏), (𝑖 ∈ {0,1, . . . , 𝜏} , if and only if 

ൟ𝑥𝑑∈ 𝐶𝑜𝑙{𝛩𝐺(𝑠 + 𝑖)𝑊2𝑛,2𝑚 𝑥(𝑏 − 1 − 𝜏)

where and hereafter ‘‘Col’’ is the column set, also there exist unique a ∈ {0, 1, 2, . . .} and b ∈

{1, 2, . . . , τ + 1} such that s + i satisfies: s + i = a(τ + 1) + b

𝛩𝐺 𝑠 + 𝑖

= 𝐿𝐺 )𝑎(𝜏+1)+(𝑏−1 𝐼2𝑚 ⊗𝐿𝐺 𝑎−1)(𝜏+1)+(𝑏−1

× 𝐼22𝑚 ⊗𝐿𝐺 𝑎−2)(𝜏+1)+(𝑏−1 … 𝐼2𝑎𝑚 ⊗𝐿𝐺 𝑏−1 × 𝐼2(𝑎−1)𝑚 ⊗𝛷𝑚 …(𝐼2𝑚 ⊗𝛷𝑚)𝛷𝑚,

where 𝛷𝑚 is defined as , 𝑀𝑟 =δ4[1, 4].

II. Control via input Boolean networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Proof : A straightforward computation shows the following:

Suppose that there exist unique a ∈ {0, 1, 2, . . .}, b ∈
{1, 2, . . . , τ + 1} such that 𝑠 + 𝑖 = 𝑎(𝜏 + 1) + 𝑏.

From the above analysis, using mathematical induction, 

we can prove that

II. Control via input Boolean networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

Case 1: s is fixed and G is fixed



Case 2: s is fixed and G is designable

Notice that there are 𝑚0 = 2𝑚 2𝑚 possible distinct G, we can express each G in the condensed form and 

order them in ‘‘increasing order’’. Let us consider a subset }𝛬 ⊂ {1,2, . . . , 𝑚0 and allow G be chosen 

from the admissible set {𝐺𝜆|𝜆 ∈ 𝛬}.

Corollary 1 Consider system (4) with control (5), where G∈ {𝐺𝜆|𝜆 ∈ 𝛬}. Then 𝑥𝑑 is s step 

reachable from )𝑥(𝑖 − 𝜏), (𝑖 ∈ {0,1, . . . , 𝜏} , if and only if 

ൟ𝑥𝑑 ∈ 𝐶𝑜𝑙{𝛩𝐺𝜆(𝑠 + 𝑖)𝑊2𝑛,2𝑚 𝑥(𝑏 − 1 − 𝜏)|𝜆 ∈ 𝛬

where there exist unique a ∈ {0, 1, 2, . . .} and b ∈ {1, 2, . . . , τ + 1} such that s + i satisfies:

s + i = a(τ + 1) + b

𝛩𝐺𝜆 𝑠 + 𝑖

= 𝐿𝐺 )𝑎(𝜏+1)+(𝑏−1 𝐼2𝑚 ⊗𝐿𝐺 𝑎−1)(𝜏+1)+(𝑏−1

× 𝐼22𝑚 ⊗𝐿𝐺𝜆
𝑎−2)(𝜏+1)+(𝑏−1 … 𝐼2𝑎𝑚 ⊗𝐿𝐺𝜆

𝑏−1 × 𝐼2(𝑎−1)𝑚 ⊗𝛷𝑚 …(𝐼2𝑚 ⊗𝛷𝑚)𝛷𝑚,

II. Control via input Boolean networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Definition 2 Given initial state sequence 𝑥 −𝜏 , 𝑥 −𝜏 + 1 ,… , 𝑥(0) ∈ 𝛥2𝑛, and destination state 𝑥𝑑 . The 

Boolean control network (4) is said to be controllable from )𝑥(𝑖 − 𝜏), (𝑖 ∈ {0,1, ... , 𝜏} to 𝑥𝑑 (by free 

Boolean sequence) at s steps, if we can find control u(t), such that 𝑥(𝑠 + 𝑖) = 𝑥𝑑 .

Define ෨𝐿 = 𝐿𝑊2𝑛,2𝑚 , notice that𝑥 𝑡 − 𝜏 ∈ 𝑅2
𝑛
, 𝑢 𝑡 ∈

𝑅2
𝑚

be two columns, then the second equation in (8) can be 

expressed as 𝑥(𝑡 + 1) = ෨𝐿𝑥(𝑡 − 𝜏)𝑢(𝑡). It yields: 

Assume that 𝑠 + 𝑖 − 𝑘 − 𝑘𝜏 = 𝑗 − 𝜏 , where j ∈ {0, 1, . . . , τ}.

III. Controllability via free Boolean sequence 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

Theorem 2 𝑥𝑑 is reachable from 

)
𝑥(𝑖 − 𝜏), (𝑖 ∈ {0,1, ...

, 𝜏} at s steps by controls of Boolean sequences 

)

𝑢(𝑠 + 𝑖 −
𝑘 − 𝑘 − 1 𝜏)𝑢(𝑠 + 𝑖 − 𝑘 − 1 − 𝑘 − 2 𝜏)⋯𝑢(𝑠 + 𝑖 −
1 if and only if

ൟ𝑥𝑑 ∈ Col{෨𝐿𝑘𝑥(𝑗 − 𝜏)

where there exists unique j and k such that 𝑠 + 𝑖 − 𝑘 −
𝑘𝜏 = 𝑗 − 𝜏 , j ∈ {0, 1, . . . , τ}.



Consider the following Boolean control networks, 

its logical equation is

with controls satisfying

using Theorem 1,

we can see that 𝑥𝑑 can be reached from x(i - τ) in five steps.

IV. Example 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011 End



Observability of BCN with State Time Delays 

A Boolean network of a set of nodes 𝐴1, 𝐴2, . . . 𝐴𝑛 can be described as: 

Two kinds of controls are considered:

(1) The controls are logical variables satisfying certain 

logical rules, called input networks such as:
(2) The control is a free Boolean sequence. Precisely, set

.           Then the control is a designed sequence.

Problem Formulation 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Case 1: the controls are logical variables

Definition 1 The Boolean control network

(1), (2) is observable if for the initial state

sequence 𝑥 −𝜏 , 𝑥 −𝜏 + 1 ,… , 𝑥(0) ∈ 𝛥2𝑛 ,

there exists finite time s, such that the initial

state can be uniquely determined from the

knowledge of the controls {
}

𝑢 0 , 𝑢 1 ,
… , 𝑢(𝑠) and the outputs {𝑦 0 , 𝑦 1 , … , 𝑦(𝑠)}.

Observability of the Boolean Control Networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Observability of the Boolean Control Networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

Case 1: the controls are logical variables



Example

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

Case 1: the controls are logical variables

End



Define a sequence of matrices

൯𝛤𝑗=𝐻𝐿(𝐼2𝑚 ⊗𝐿)(𝐼22𝑚 ⊗𝐿)⋯(𝐼2(𝑗−1)𝑚 ⊗𝐿

where 𝑗 ∈ {1,2, . . . }.

Split 𝛤1 into 2𝑚 equal blocks as

𝛤1 = [𝛤11, 𝛤12⋯ ,𝛤12𝑚].

Split 𝛤2 into 22𝑚 equal blocks as

𝛤2 = [𝛤211,⋯ , 𝛤212𝑚 , ⋯ , 𝛤22𝑚1, ⋯ , 𝛤22𝑚2𝑚].

Doing it repeatedly, split 𝛤j into 2𝑗𝑚 equal blocks as

𝛤𝑗 = [𝛤𝑗1⋯1,⋯ , 𝛤𝑗1⋯2𝑚 , ⋯ , 𝛤𝑗2𝑚⋯2𝑚1, ⋯ , 𝛤𝑗2𝑚⋯2𝑚2𝑚].

Case 2: the controls are free Boolean sequence. Observability of the Boolean Control Networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Observability of the Boolean Control Networks 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

Case 2: the controls are free Boolean sequence. 



Example

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

Case 2: the controls are free Boolean sequence. 

End



Some Necessary and Sufficient Conditions For The Output 

Controllability of Temporal Boolean Control Networks

I.  Problem Formulation 

Liu Y , et al. Some necessary and sufficient conditions for the output controllability of temporal Boolean control networks [J], 2014

Multiply

Algebraic Form



[25]  Cheng D, et al. Analysis and Control of Boolean Networks: A Semi-tensor Product Approach[M], 2011. 

Common methods of dimension extension



Common methods of dimension extension



Liu Y , et al. Some necessary and sufficient conditions for the output controllability of temporal Boolean control networks [J], 2014



Liu Y , et al. Some necessary and sufficient conditions for the output controllability of temporal Boolean control networks [J], 2014

II. Output controllability of input Boolean networks



Liu Y , et al. Some necessary and sufficient conditions for the output controllability of temporal Boolean control networks [J], 2014



Liu Y , et al. Some necessary and sufficient conditions for the output controllability of temporal Boolean control networks [J], 2014

III. Control via free Boolean sequence



Liu Y , et al. Some necessary and sufficient conditions for the output controllability of temporal Boolean control networks [J], 2014



Controllability and Observability of BCN 

With Time-Variant Delays in States

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013

The constructed forest

Matrix testing criteria

Control design algorithms



I. The definition of controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



II. Controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



II. Controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



II. Controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



II. Controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



Proof : 

II. Controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



Corollary 1

II. Controllability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



Consider the following Boolean control network:

III. Example

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013 End



IV. Control Design Algorithm 

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



V. Observability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



V. Observability

Zhang, et al. Controllability and Observability of Boolean Control Networks With Time-Variant Delays in States[J].2013



Controllability of BCN With Multiple Time Delays 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018

The concept of controllability matrices

An iterative algorithm to calculate 
controllability matrices

A concise criterion for controllability

Sufficient and necessary conditions for 
controllability



I. The considered BCN

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



A standard form of BCN with multiple time-varying delays is 

defined by

I. The definition of controllability

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



II. Controllability matrices 

Controllability matrix

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018

II. Controllability matrices 



II. Controllability matrices 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



III. BCNs With Multiple Periodic Delays 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



III. BCNs With Multiple Periodic Delays 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



III. BCNs With Multiple Periodic Delays 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



The set of all k-step reachable states from x0 is denoted

by 𝑅 𝑘 (x0). The set of all reachable states from x0 is

denoted by R(x0). The k-step controllability matrix 𝐶𝑘 ∈
𝐵2𝑛×2 )𝑛(𝜏+1 is defined as follows:

And the controllability matrix 𝐶 ∈ 𝐵2𝑛×2 )𝑛(𝜏+1 is defined 

as follows:

III. BCNs With Multiple Periodic Delays 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



IV. BCNs With Multiple Constant Delays 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



Consider a BCN with a constant time delay 

V. Example 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018



Consider a BCN with a constant time delay 

V. Example 

Ding Y, et al. Controllability of Boolean Control Networks With Multiple Time Delays[J].2018 End



Stability of Boolean Networks

With Delays Using Pinning Control 

A Boolean control network with time delays (1) is globally stabilized to the fixed

point 𝛿2𝑛
𝑎 , if for arbitrary initial state sequence 𝑥 0 , 𝑥 −1 ,… , 𝑥(−𝜏) ∈ 𝛥2𝑛,

there exist control inputs and 𝑇 ∈ 𝑍+ such that 𝑥(𝑡) = 𝛿2𝑛
𝑎 , for every 𝑡 ≥ 𝑇.

Definition 1

I.  Problem Formulation 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

named as higher order BNs or 

(𝜏 + 1)𝑡ℎ-order BNs



Proof : 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



II.  Algorithm & Proposition

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



Assume that the transition matrix L of BNs (1) is changed to L according to Algorithm 3.1.

Without loss of generality, we assume that the 1st,…, mth columns of L alter and assume that

1st,…, mth columns of 𝑀1, … ,𝑀𝑘 alter. We assume that 𝑀1, … ,𝑀𝑘 alter to 𝑀′
1, … ,𝑀′

𝑘.

Suppose that )𝑓i(𝑥1(𝑡),⋯ , 𝑥𝑛(𝑡 − 𝜏)) be changed to 

𝐹𝑖 𝑢𝑖 , 𝑥1 𝑡 ,⋯ 𝑥𝑛 𝑡 − 𝜏 = 𝑢𝑖 𝑥1 𝑡 ,⋯𝑥𝑛 𝑡 − 𝜏 ⊕𝑖 𝑓𝑖 𝑥1 𝑡 ,⋯𝑥𝑛 𝑡 − 𝜏

where 𝑖 = 1,… , 𝑘 , ⊕𝑖 are logical functions, and 𝑢𝑖 are state feedback control inputs.

It can be verified that

𝐹𝑖 𝑢𝑖 , 𝑥1 𝑡 ,⋯ 𝑥𝑛 𝑡 − 𝜏 = 𝑀⊕𝑖
ഥ𝑀𝑖 𝐼2𝑛 𝜏+1 ⊗𝑀1 𝛷𝑛 𝜏+1 𝑥1 𝑡 ,⋯ 𝑥𝑛 𝑡 − 𝜏

III.  The design procedure 

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011



3) Suppose that )𝑓i(𝑥1(𝑡),⋯ , 𝑥𝑛(𝑡 − 𝜏)) be changed to

𝐹𝑖 𝑢𝑖 , 𝑥1 𝑡 ,⋯ 𝑥𝑛 𝑡 − 𝜏
= 𝑢𝑖 𝑥1 𝑡 ,⋯ 𝑥𝑛 𝑡 − 𝜏 ⊕𝑖 𝑓𝑖 𝑥1 𝑡 ,⋯ 𝑥𝑛 𝑡 − 𝜏

where 𝑖 = 1,⋯𝑘. Solve 𝑀⊕𝑖
, ഥ𝑀𝑖 from (7) by using proposition

3.2. Then, one can obtain the logical functions ⊕𝑖 , 𝑢𝑖. Hence,

the BNs (1) are globally stabilizable to the fixed point 𝛿2𝑛
𝑎 .

IV.  Algorithm of pinning control for BNs (1)

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011

The algorithm to design 

pinning control



Consider the following biochemical network of coupled 

oscillations in the cell cycle 

By calculation, we have 

Using Algorithm 3.1, we can calculate that 

ቁ𝛿4
𝑖𝛿4

𝑗
𝛿4
𝑘 ∈ 𝐸(𝛿4

1𝛿4
1𝛿4

1 for 𝑖, 𝑗, 𝑘 = 1,2,3,4.

Using Algorithm 3.2, we can calculate that 

V.  Example

Li F , et al. Controllability of Boolean control networks with time delays in states [J], 2011 End



Synchronization in an Array of 

Output-Coupled BNs With Time Delay

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014

We consider the following two kinds of arrays of M delayed

coupled BNs, with each BN being an N-nodes system:

The main difference of models (1) and (2) is that the 

communication delay between different BNs is considered in 

(1) while it is not considered in (2). We can observe that the 

state evolution of the BNs both for (1) and (2) depends on the 

initial state sequence

I.  Problem Formulation 

Definition 2

The array of BNs in (1) and (2) is said to be

synchronized if for any initial states

there is

a positive integer k, such that

In this definition, k depends on the initial state 

sequence

Nevertheless, since the is a finite set, we can

by all means choose a k big enough, which is

independent of the initial state sequence.



That is to say, we have obtained the following equivalent 

algebraic representations of BNs (1): 

We have

II. Main Result 

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014



Theorem 1

Let (3) be the algebraic representations of the array of 

delayed BNs (1). Then,  synchronization occurs if and 

only if there exists a positive integer k satisfying 1 ≤
𝑘 + 1 ≤ 𝑘0 such that 

II. Main Result 

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014



Theorem 1 is also applicable to an array of delay-free BNs by letting τ = 0 in (1). 

II. Main Result 

Theorem 1

Let (3) be the algebraic representations of the array of 

delayed BNs (1). Then,  synchronization occurs if and 

only if there exists a positive integer k satisfying 1 ≤
𝑘 + 1 ≤ 𝑘0 such that 

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014



We now consider another type of array of coupled BNs (2), where the outputs 𝑦𝑗 𝑡 do not have time delay. 

Using the STP, we can get the algebraic representations of BNs (2) 

where 𝐹𝑗 and G can be similarly defined with that of BNs (1).

Lemma 4

The relationship between the state 𝑋𝑗 𝑡 at time t and initial states can be presented as follows. 

II. Main Result 

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014



Theorem 2

Let (7) be the algebraic representations of coupled BNs 

(2). Then, synchronization occurs if and only if there 

exists a positive integer k, 1 ≤ k ≤ k0, such that

II. Main Result 

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014



II. Main Result 

Theorem 2

Let (7) be the algebraic representations of coupled BNs 

(2). Then, synchronization occurs if and only if there 

exists a positive integer k, 1 ≤ k ≤ k0, such that

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014



Let               , Direct computation gives that 𝛯3= 𝛯9, then we have 𝑘0 = 3. 

Moreover, we can obtain that 𝛯3 ⊆ {𝛿64
𝑖 |𝑖 =

1,10,19,28,37,46,55,64}.Hence, the coupled BNs with time 

delay can be synchronized using Theorem 1. Fig. 2 shows the 

total synchronization error E(t).

III. Example

Zhong J , et al. Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay[J], 2014 End



Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020

Asymptotical Stability of PBN With State Delays

A bridge between asymptotical stability of PBN

A solution to its induced equations

Several novel stability criteria

Universal procedure is summarized



Markov chain 

Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020



Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020



[1] S. M. Ross, Stochastic Processes. New York, NY, USA: Wiley, 1996.

Property 1 (see [1])

[2] Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020



I.  Problem Formulation 

Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020



I.  Problem Formulation 

Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020



In what follows, to facilitate the analysis, a novel argument system is constructed to eliminate the 

appearance of state delays in the form. It begins with the expanding of formula (2) as

II. The influence of state delays on asymptotical stability

Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020

Normal method to deal 

with time delay



III.  Asymptotical stability of a PBN 

[1] S. M. Ross, Stochastic Processes. New York, NY, USA: Wiley, 1996.

[2] Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020



III.  Asymptotical stability of a PBN 

Zhu S, et al. Asymptotical Stability of Probabilistic Boolean Networks With State Delays[J].2020
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Completeness and Normal Form of Multi-valued Logical Functions

Using algebraic form, a method is proposed to construct an adequate
set of connectives (ASC) for k-valued logical functions, which can
be used to express any k-valued logical functions.

The disjunctive normal form and conjunctive normal form of k-
valued logical functions are presented based on ASC. The ASC is
then simplified to a condensed set.

The normal forms are further extended to mix-valued logical
functions

Main Results:

Cheng D, et al. Completeness and Normal Form of Multi-valued Logical Functions[J], 2020



I. The algebraic form of k-valued logical functions

 Adequate Set of Connectives (ASC) : a set of logic generators such

that any logical function can be expressed as a compounded function

of this set of generators.

Cheng D, et al. Completeness and Normal Form of Multi-valued Logical Functions[J], 2020



II.  Normal Form and ASC

Cheng D, et al. Completeness and Normal Form of Multi-valued Logical Functions[J], 2020



 In the following we consider how to reduce the size of this ASC.

II.  Normal Form and ASC

Cheng D, et al. Completeness and Normal Form of Multi-valued Logical Functions[J], 2020



 If two operators are equivalent, then one can be generated from the other one. Then we only need to choose one

representative operator from each equivalence class as an element of the generator set, denoted by .s

kG

Dove-cage problem：

1

dove

row

cage

k doves k-1 cages

II.  Normal Form and ASC

Cheng D, et al. Completeness and Normal Form of Multi-valued Logical Functions[J], 2020



III.  The normal forms of mix-valued logical functions

7

D efinition 4.3: A ssum e χ 2 D p,⇠2 D q,w here p 6= q,w e

define 8
<

:

χ ^ ⇠= ⇠̂ χ = χ, if⇠= 1

χ _ ⇠= ⇠_ χ = χ, if⇠= 0.

Splitting M F into t= k/kn equalblocks as

M f = [L
1,···,1,···,L 1,···,k n − 1 ,···,L k 1 ,k 2 ,···,k n − 1 ],

w e define a set of unary operators φi1 ,i2 ,···,in − 1 : D kn !

D k 0 w ith structure m atrix L
i1 ,i2 ,···,in − 1 ,is = 1,···,ks,s =

1,···n − 1.Then w e have the follow ing norm alform .

Theorem 4.4: A ssum e F :
Q n
i= 1 D ki ! D k0 is an n-

variable m ix-valued logical function w ith algebraic form

F (x1,···,xn ) := M F n
n
i= 1 xi, (40)

w here M F 2 L k0⇥k is the structure m atrix of F .

Then ithas

• D isjunctive norm alform :

F (χ1,···,χn ) =
W k1
i1 = 1

W k 2
i2 = 1

···
W k n − 1
in − 1 = 1

h
. i1k 1 (χ1)

V
. i2k 2 (χ2)

V
···
V

.
in − 1
kn − 1
(χn − 1)

V
φi1 ,···,ik − 1 (χn )

i
.

(41)

• C onjunctive norm alform :

A ssum e ¬ F (χ1,···,χn ) has disjunctive norm alform as

(41). Then using D e M organ form ula, the conjunctive

norm alform of F (χ1,···,χn ) can be obtained as

F (χ1,···,χn ) =
V k 1
i1 = 1

V k 2
i2 = 1

···
V kn − 1
in − 1 = 1h

/ i1k 1 (χ1)
W

/ i2k2 (χ2)
W
···
W

/
in − 1
k n − 1
(χn − 1)

W
φk 0 + 1− i1 ,···,k 0 + 1− ik − 1 (χn )

i
.

(42)

V. C O N C L U SIO N

In this paper, w e first review ed the algebraic form of k-

valued logicalfunctions.Then the conjunctive and disjunctive

norm al form s for k-valued logic w ere firstly presented. The

com pleteness ofk-valued logic w as discussed via constructing

A SC ,w hich w as then trem endously com pressed by construct-

ing a proper set of generators. Finally,the norm al form s are

also extended to m ix-valued logic.
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• Conjunctive normal form:

Assume  ¬𝐹(𝜒1, ⋯ , 𝜒𝑛) has disjunctive normal form as (41).

Then using De Morgan formula, the conjunctive normal form of 

𝐹(𝜒1, ⋯ , 𝜒𝑛) can be obtained as 



Controllability of dynamic-algebraic mix-valued 

logical control networks

 For the dynamic-algebraic mix-valued logical control networks,

several lower dimensional controllability matrices are defined,

then new necessary and sufficient conditions for the

controllability are presented as well.

Main Results:

Liu Y, et al. Controllability of dynamic-algebraic mix-valued logical control networks[J], 2017



I.  The algebraic form of dynamic-algebraic mix-

valued logical control networks (DAMLCNs)

The systems (2) can be rewritten as:

Liu Y, et al. Controllability of dynamic-algebraic mix-valued logical control networks[J], 2017



The system (3) can be converted to the following 

form using STP :

I.  The algebraic form of dynamic-algebraic mix-

valued logical control networks (DAMLCNs)
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I.  The algebraic form of dynamic-algebraic mix-

valued logical control networks (DAMLCNs)

Liu Y, et al. Controllability of dynamic-algebraic mix-valued logical control networks[J], 2017



I.  The algebraic form of dynamic-algebraic mix-

valued logical control networks (DAMLCNs)

Liu Y, et al. Controllability of dynamic-algebraic mix-valued logical control networks[J], 2017



II.  Controllability of DAMLCNs The solution set 

of (4b)

Liu Y, et al. Controllability of dynamic-algebraic mix-valued logical control networks[J], 2017
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III.  Example

The truth table of systems (18) are listed as follow :

Liu Y, et al. Controllability of dynamic-algebraic mix-valued logical control networks[J], 2017



Using STP, the algebraic form of (18) is as

follows:

III.  Example
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Using STP, the algebraic form of (18) is as

follows:

III.  Example
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