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I.lllëëëYYYêêêÆÆÆ���lllÑÑÑêêêÆÆÆ
+ êÆuÐ�ü@ê�

únzNXµ�F1îAp�AÛ(Ü6ín).
Å�zg�:¥IA^��,Ïéê�(Ø(�Æ).

F1 C.Ë

î³(únz)

¥I <Ý

-

-

-

9 AC

5 AC

10 AC

ããã 1: êÆå

[1] Ç©d, Ç©dØêÆÅ�z, ìÀ��Ñ��, L
H, 1995.
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+ O�Å���êÆ

k��êÆ

lÑêÆ

ëYêÆ(�È©)

Ù��ä,k�Æ�,��XÚ,· · ·

���°

��

O�Å -

-

-

-

?

?

-

Ý
�ÜþÈ

ê��{

<a�M

óä 8I

ããã 2: lëYêÆ�lÑêÆ
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gl17V�ÏÚî-4ÙZ]u²�È©m©§±�
È©��L�ëY5êi3g,�ÆïÄ¥å��
^§3êÆ¥ÓkÚ£/ . O�Å�ÑyÚO�Å�
Æ�uÐ§�Ä~�È©�Ú£/ [1].
rÝ
�ÜþÈ¡�O�Å���Ý
nØ½Ý
�
{§´k�n�[2].

[1]�äÚ§êÆ�Â§�ÆÑ��,�®, 2008.

[2] §�Ð§àö�§åºu§k�8þ�N��Ä�
L§-Ý
�ÜþÈ�{§�ÆÑ��,�®, 2015.
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+ lk��N�wÝ
�ÜþÈ
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II.kkk���������ÝÝÝ


���ÜÜÜþþþÈÈÈLLL«««

+ Cþ��þ/ª

∆n := {δi
n | i ∈ [1, n]},

Υn := {p = (p1, · · · , pn)
T | pi ≥ 0,

n∑
i=1

pi = 1},

Bn := {b = (b1, · · · , bn)
T | bi ∈ {0, 1}}.

Definition 2.1
�S = {1, 2, · · · , n}. @o§
(i) X = i ∈ S�±L«�

~X := x = δi
n,

¡� X ��þL«.
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Definition 2.1(cont’d)
(ii) �Z ⊂ S§@o§

z = ~Z ∈ Bn

ùp§

z(i) =

{
1, i ∈ Z,
0, Otherwise.

(iii) �D ⊂ S̄�Sþ�©Ù,=D ∈ Υn,@o§

D(i) = Prob(i ∈ D) := pi ≥ 0,

ùp§
n∑

i=1

pi = 1.
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+ ~µÜ6Cþ�L«

��Ü6Cþ x§§�U½ý(T = 1)½b(F = 0). Kx ∈ D,
ùp, D = {0, 1}.
Ü6�f

(i) “�” (¬):

¬(x) =

{
1, x = 0
0, x = 1.

(1)

(ii) “Û�(½)”(∨) Ú“Ü�(�)”(∧). §�ÚÙ¦�
��Ü
6�f��^ý�LL«,�L1.
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+ ý�L

LLL 1: ���fý�L

�f : Û�(½) Ü�(�) %¹ �d
x y x ∨ y x ∧ y x→ y x↔ y
1 1 1 1 1 1
1 0 1 0 0 0
0 1 1 0 1 0
0 0 0 0 1 1
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ÜÜÜ666CCCþþþ������þþþLLL«««:

1 ∼ δ1
2; 0 ∼ δ2

2.

ÜÜÜ666LLL���ªªª������êêêLLL«««:

3ù«�þL«eµ

¬x = Mnx, (2)

ùp,

Mn =

[
0 1
1 0

]
:= δ2[2, 1]

¡�“�”�(�Ý
.
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éu���fσ,��±é�Ù�A�(�Ý
Mσ,¦�

xσy = Mσxy. (3)

~^���fσ 9Ù�A�(�Ý
�uL2.

LLL 2: ���f�(�Ý


.
σ ∨(d) ∧(c) →(i) ↔(e)

Mσ δ2[1, 1, 1, 2] δ2[1, 2, 2, 2] δ2[1, 2, 1, 1] δ2[1, 2, 2, 1]
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+ ��~f

Example 2.2

A`Bg�,
B`Cg�,
C`AÚBg�,

�.´Xg�?X´P¢<?
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�êL«¦Ü6ín�êz,=ÏL)�ê�§��ª=�
��Ü6¯K�)"

Example 2.2£££cont’d)

�P: A´P¢<; Q: B´P¢<; R: C´P¢<. KÜ6L
�ª�

(P↔ ¬Q) ∧ (Q↔ ¬R) ∧ (R↔ ¬P ∧ ¬Q) = 1. (4)

�ª��êL�ª�

L(P,Q,R) = McMc(MePMnQ)(MeQMnR)(MeRMcMnPMnQ)
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Example 2.2£££cont’d)

(4)C�

L(P,Q,R) =

[
0 0 0 0 0 1 0 0
1 1 1 1 1 0 1 1

]
PQR = δ1

2. (5)

Ù)�P =

[
0
1

]
, Q =

[
1
0

]
, R =

[
0
1

]
.

=A�Cg�, B�P¢<"
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+ �|k��Cþ�L«

½Â
Πi := ⊗n

s=1Js,

ùp,

Js =

{
1T

ni
, s = i,

Ins , s 6= i.

Proposition 2.2
(i) �xi ∈ ∆ki (½xi ∈ Υki), i ∈ [1, n],K

Πi nn
s=1 xs = xi. (6)

(ii) �0 6= xi ∈ Bki, i ∈ [1, n],K

Πi ×B nn
s=1xs = xi. (7)
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Remark 2.3
(i)

x = nn
i=1xi ∈ Rκ, κ =

n∏
i=1

ki (8)

^���þL«xi, i ∈ [1, n].
(ii) Proposition 2.2L²,�

x ∈ ∆κ, x ∈ Υκ, x ∈ Bκ

�,L«ª(8)Ã&E��.
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+ nak�8Ä�XÚ��êG��mL«

x(t + 1) = Tx(t), (9)

(i) ·Ü�Ä�XÚ

x(t) ∈ ∆κ ⇒ T ∈ Lκ×κ. (10)

(ii) ê��Åó

x(t) ∈ Υκ ⇒ T ∈ Υκ×κ. (11)

(iii) k�gÄÅ

x(t) ∈ Bκ ⇒ T ∈ Bκ×κ. (12)
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+ �A���XÚ

x(t + 1) = Lu(t)x(t), (13)

(i) ·Ü�Ä�XÚ

u(t) ∈ ∆µ,T ∈ Lκ×κµ. (14)

(ii) ê��Å=£XÚ

u(t) ∈ Υµ ⇒ T ∈ Υκ×κµ. (15)

(iii) k�gÄÅ

u(t) ∈ Bµ ⇒ T ∈ Bκ×κµ. (16)
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+ ©þ/ªé�NG�=£/ª

Definition 2.4
�A ∈Mp×m B ∈Mq×m,KÙKhatri-RaoÈ�

A ∗ B := [Col1(A) Col1(B), · · · ,Colm(A) Colm(B)] . (17)

Proposition 2.5

(i) ·Ü�Ä�XÚ

�

xi(t + 1) = Tix(t), i ∈ [1, n], (18)

K

x(t + 1) = Tx(t), (19)

ùp
T = T1 ∗ T2 ∗ · · · ∗ Tn. 20 / 46



Proposition 2.5(cont’d)

�(19)�½§K(18)¤á§Ù¥

Ti = ΠiT, i ∈ [1, n].

(ii) ê��Å=£XÚ
(18)⇒ (19), (18) : (19).

(iii) k�gÄÅ
(18)⇐ (19), (18) ; (19).
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Remark 2.6
(i) é·Ü�Ä�XÚ,

x2 = PRkx, x ∈ ∆k, (20)

ùp,ü�Ý
�

PRk =
[
δ1

kδ
1
k , δ

2
kδ

2
k , · · · , δk

kδ
k
k

]
.

(ii) éê��Å=£XÚ

(18) : (19),

���Ï3u(20)éx ∈ Υk Ø¤á.
(iii) ék�gÄÅ,©þ/ª´�)�.
(iv) Proposition 2.5é���ä�¤á.
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III.···ÜÜÜ���ÄÄÄ���XXXÚÚÚ

+ Ù��ä

��n (:Ù��ä´��n º:�k�ã. z�º:�U
�0 ½1 ùü�Ü6�, º:��Cz�6u§�Ù��(
:m�Ü6'X.§�Ä��§�±�¤

x1(t + 1) = f1(x1(t), · · · , xn(t))
x2(t + 1) = f2(x1(t), · · · , xn(t))
· · ·
xn(t + 1) = fn(x1(t), · · · , xn(t)),

(21)

ùp, xi ∈ D, i = 1, · · · , n; fi : Dn → D, i = 1, · · · , n �Ü6
¼ê.
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�Ü6Cþ xi ^�þ/ªL«�, (21) �^�êG��m
�{L«�

x(t + 1) = Lx(t), (22)

ùp, x(t) = nn
i=1xi(t), L ∈ L2n×2n ��Ü6Ý
"

Example 3.1

ã3´��Ù��ä.

A B

C

ããã 3: Ù��ä
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Example 3.1(cont’d)

Ù(:üz�^��Ü6Ä�XÚ5�x"~X
A(t + 1) = B(t) ∧ C(t)
B(t + 1) = ¬A(t)
C(t + 1) = B(t) ∨ C(t).

(23)

e¡,·�ò§L«�/X(22)��ê/ª"Äk
A(t + 1) = McB(t)C(t)
B(t + 1) = MnA(t)
C(t + 1) = MdB(t)C(t).

(24)

²L�
{ü�Ý
�ÜþÈ$�§���
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Example 3.1(cont’d)

x(t + 1) = Lx(t), (25)

ùpx(t) = A(t)B(t)C(t)§

L = δ8[3, 7, 7, 8, 1, 5, 5, 6].
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L �¹
�ä��Ü&E, ÏL§�
)�ä�(��5
�"~X,é4���êkXe(J:

Theorem 3.2
�ÄÜ6Ä�XÚ(21). Ù�êG��mL«�(22). KÙ
�Ý�s �4���ê, Ns, �dXe4íúª�Ñ(ØÄ:
�w��Ý�1�4��).N1 = Trace(M)

Ns =
Trace(Ms)−

∑
k∈P(s)

kNk

s , 2 ≤ s ≤ 2n.
(26)

(ùpP(s)�s�ýÏf8(¹1)).
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+ Ù����ä

��Ù����ä�L«�
x1(t + 1) = f1(x1(t), · · · , xn(t), u1(t), · · · , um(t))
...

xn(t + 1) = fn(x1(t), · · · , xn(t), u1(t), · · · , um(t)),
yj(t) = hj(x(t)), j = 1, · · · , p,

(27)

ùpxi ∈ D, xi, i = 1, · · · , n�G�Cþ§ui, i = 1, · · · ,m�
��, yi, i = 1, · · · , p�ÑÑ"
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aqÙ��ä, �±��Ù����ä��êG��mL
«µ

{
x(t + 1) = Lu(t)x(t),
y(t) = Hx(t),

(28)

ùpx(t) = nn
i=1xi(t), u(t) = nm

i=1ui(t), y(t) = np
j=1yj(t), Ü6

Ý
L ∈ L2n×2n+m, H ∈ L2p×2n.
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Example 3.3

ã4��Ù����ä.

A

B

C

u1

u2

y

ããã 4: Ù����ä

ÙÄ��§� 
A(t + 1) = B(t) ∧ u1(t)
B(t + 1) = C(t) ∨ u2(t)
C(t + 1) = A(t)
y(t) = ¬C(t)

(29)
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Example 3.3(cont’d)

Ù�êL�ª�(28),Ù¥

L = δ8[1 1 5 5 2 2 6 6 1 3 5 7 2 4 6 8
5 5 5 5 6 6 6 6 5 7 5 7 6 8 6 8];

H = δ2[2 1 2 1 2 1 2 1].

Ù����ä��Ü5�dÜ6Ý
L�H û½"
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IV.êêê������ÅÅÅÄÄÄ���XXXÚÚÚ

+ �äüzÆ�

Definition 4.1
���äüzÆ��±^��n�|((N,E),G,Π)L«,ù
p

(i) (N,E)��äã,ã¥z�(:�L��[;
(ii) ��Ä��äÆ�G, ((N,E) §´�<é¡Æ�, ¦�
XJ(i, j) ∈ E, @oi Új Ä��äÆ�G§ÙüÑ©
O�xi(t)Úxj(t)¶

(iii) Π�üÑ�#5K"

32 / 46



�âüÑ�#5K,Ò�±�ÑÛ³üz�§µ
x1(t + 1) = f1(x1(t), · · · , xn(t))
x2(t + 1) = f2(x1(t), · · · , xn(t))
...
xn(t + 1) = fn(x1(t), · · · , xn(t)).

(30)

|^�þL«üÑ, Kxi(t) ∈ ∆ki, i = 1, · · · , n. �¦^·Ü
üÑ�§|^�êG��mL«��

x(t + 1) = Tx(t), (31)

ùpx(t) = nn
i=1xi(t), T ∈ Υκ×κ ��ê��Å=£Ý
(κ =

Πn
i=1ki).
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òÝ
�ÜþÈ�{^uüzÆ�ï��©Û�1��©
Ù´[1]. [2] �Ñ
�6uG��ê��Å.üzÆ��ü
ÑÆS�{. [3] �ÑÆ�Ø�rÜþÈ�{��¡���
nã.

[1] P. Guo, Y. Wang, H. Li, Algebraic formulation and
strategy optimization for a class of evolutionary net-
worked games via semi-tensor product method, Auto-
matica, Vol. 49, No. 11, 3384-3389, 2013.

[2] C. Li, Y. Xing, F. He, D. Cheng, A strategic learning
algorithm for state-based games, Automatica, Vol. 113,
108615, 2020.

[3] D. Cheng, Y. Wu, G. Zhao, S. Fu, A comprehensive
survey on STP approach to finite games, J. Sys. Sci.
Compl., Vol. 34, No. 5, 1666-1680, 2021.
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V.kkk���gggÄÄÄÅÅÅ

+ [£XÚ��êG��mL«

Definition 5.1
T = (X,Σ, δ,O, o)¡���[£XÚ§ùp

X: G�8
Σ: Ñ\8
δ : X × Σ→ 2X: [£N�
O: *ÿ8
o : X → O: *ÿN�

XJ|δ(x, σ)| ≤ 1,K¡T �(½�§ÄK�Ø(½�.
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Example 5.2

�ÄT = (X,Σ, δ,O, o),ùp§
X = {x1, x2, x3, x4},
Σ = {σ1, σ2},

δ(x1, σ1) = {x2, x3} δ(x2, σ1) = {x2, x3}
δ(x2, σ2) = {x4}, δ(x3, σ2) = {x2, x3}
δ(x4, σ1) = {x2, x4},

O = {O1,O2,O3},

o(x1) = O1, o(x2) = o(x4) = O2, o(x3) = O3.
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�� �-
J
J
J
J
JĴ

6

?

6

? ���
���
���x1 x3

x2

x4

σ1

σ1 σ1

σ1

σ2

σ2

σ2

σ1

σ1

O1

O3

O2

O2

ããã 5: Transition System of Example 5.2
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Example 5.2(cont’d)

-
xi = δi

4, i = 1, 2, 3, 4;

σj = δj
2, j = 1, 2;

ok = δk
3, k = 1, 2, 3.

Px = n4
i=1xi, σ = n2

j=1σj, o = n3
k=1ok. KkT ��êG��

mL« {
x(t + 1) = Lσ(t)x(t),
o(t) = Hx(t),

(32)

ùp,

L =


0 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0
1 0 0 0 0 0 1 0
0 0 0 1 0 1 0 0


H = δ3[1, 2, 3, 2].
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+ �SÜ6(Temporal Logic)

�SÜ6�f:
©: next (e��)
U: until (��)
�: always (o´)
♦: eventually (�ª)

Definition 5.3
(�{(syntax))�5�SÜ6(LTL)'u*ÿ8O�úªφ4
í/½ÂXe:

φ = > | o | φ1 ∧ φ2 | ¬φ | © φ | φ1Uφ2, (33)

ùp§>�ý§o ∈ O.
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r r r r r- - - -
φ

©φ:

r r r r r- - - -
φ1 φ1 φ1 φ2

φ1Uφ2:

r r r r r- - - -
φ φ φ φ φ

�φ:

r r r r r- - - -
φ

♦φ:

ããã 6: Temporal Logical Operator
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+ k�G�gÄÅ£Finite State Automaton)

Definition 5.4
k�G�gÄÅA = (S, s0,O, δ,F),ùp,

S: (k�)G�,
s0: Ð�,
O: Ñ\iÎ,
δ : S× O→ S: [£N�,
F ⊂ S: ��É�(ª:)8Ü.

(�Â(semantics)):

WO = WO(1)WO(2) · · ·WO(n) ∈ O∗,
WS = WS(1)WS(2) · · ·WS(n + 1) ∈ S∗,

ùpWS(1) = s0, WS(k + 1) = δ(WS(k),WO(k)), k ∈ [1, n]

WS(n + 1) ∈ F.
41 / 46



Example 5.5

�	��k�gÄÅA. Ù¥O = {O1,O2,O3,O4},
F : WO |= φ, φ = ♦o3 ∧ (o1Uo2).

�
�
�
�
�
�
�
�
#
"
 
!

�
�
�
��6 �6 �6

- -

O1 O1|O2|O4 O1|O2|O3|O4

S0 S2 S1
O2 O3

ããã 7: φ = ♦o3 ∧ (o1Uo2)
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Example 5.5(cont’d)

�: S0 = δ1
3, S2 = δ2

3, S1 = δ3
3, Oi = δi

4, i = 1, 2, 3, 4. Kφ��
êG��mL«�

s(t + 1) = Lo(t)s(t), (34)

ùp,
L = δ3[1, 2, 3, 2, 2, 3, 0, 3, 3, 0, 2, 3].
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+ &EÔnXÚ���

�SÜ6

[£XÚ

RabingÄÅ RabinÆ�- -

ããã 8: &EÔnXÚ���

[1] C. Belta, B. Yordanov, E.A. Gol, Formal Methods
for Discrete-Time Dynamical Systems, Springer, AG,
2017.
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VI.���(((

O�Å��§ëYêÆ�Ú£/ �U¬�lÑ½k
��êÆ�O¶

na;.k��(k��,�Å©Ù�k��, k��f
8)�Ý
�ÜþÈL«;
na;.k���Ä�üzXÚ. (n«�L5XÚ:õ
«�Ü6�ä§üzÆ�§k�gÄÅ).

(Ø:Ý
�Ü�ÜþÈ�"¤�O�Å��k��êÆó
ä.
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