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{IxÔ'æA«�ÆKatz3Ù;Í¥�Ñ: The idea of a matrix has a long history,
dated at least from its use by Chinese scholars of the Han period for solving systems
of linear equations.
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V.J. Katz, A History of mathematics, Brief Version, Addison-Wesley, New York,
2004.

T. Crilly, 50 Mathematical Ideas You Really Need to Know, ��È, “\Ø�Ø�

�50�êÆ�£”, <¬e>Ñ��, �®, 2012
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½½½ÂÂÂ1.1.1

�A = (aij) ∈Mm×n, B = (bij) ∈Mn×q,½Â

AB = (cij) ∈Mm×q (1)

ùpcij =
∑n
i=1 aikbkj§i = 1, 2, · · ·m; j = 1, 2, · · · q.
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555���1.1.1

�A,B,C�·�Ý
§a, b ∈ R§Kk
1 (ÜÆ

(AB)C = A(BC).

2 ©�Æ

A(aB + bC) = aAB + bAC,

(aA+ bB)C = aAC + bBC.

3

(AB)T = BTAT .

4 �A,B ∈Mn×nþ�_§K

(AB)−1 = B−1A−1.

5 �A,B ∈Mn×n,K
det(AB) = det(A) det(B).

6 �A,B ∈Mn×n,K
tr(AB) = tr(BA).

7

rank(AB) ≤ min{rank(A), rank(B)}.
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KroneckerÈÈÈ½½½ÂÂÂ999555���

½½½ÂÂÂ1.2.1

�A = (aij) ∈Mm×n, B = (bij) ∈Mp×q§KA�B�KroneckerÈ½Â�µ

A⊗B =


a11B a12B . . . a1nB
a21B a22B . . . a2nB

...
...

. . .
...

am1B am2B . . . amnB

 ∈Mmp×nq. (2)

~~~1.2.1

�

A =

(
0 1
−1 0

)
, B =

(
−1 1

)
,

K

A⊗B =

(
0B B
−B 0B

)
=

(
0 0 −1 1
1 −1 0 0

)
.
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KroneckerÈÈÈ½½½ÂÂÂ999555���

555���1.2.1

�A,B,C�·�Ý
§a, b ∈ R§Kk
1 (ÜÆ

(A⊗B)⊗ C = A⊗ (B ⊗ C).

2 ©�Æ

A⊗ (aB + bC) = a(A⊗B) + b(A⊗ C),

(aA+ bB)⊗ C = a(A⊗ C) + b(B ⊗ C).

3

(A⊗B)T = AT ⊗BT .
4 �A,Bþ�_§K

(A⊗B)−1 = A−1 ⊗B−1.

5 �A ∈Mm×m, B ∈Mn×n, K

det(A⊗B) = det(A)n det(B)m.

6 �A ∈Mm×m, B ∈Mn×n, K

tr(A⊗B) = tr(A)tr(B).

7

rank(A⊗B) = rank(A)rank(B).
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555���1.2.2

�A ∈Mm×n, B ∈Mp×q, C ∈Mn×r, D ∈Mq×s§K

(A⊗B)(C ⊗D) = (AC)⊗ (BD).

AO/§
A⊗B = (A⊗ Ip)(In ⊗B).

555���1.2.3

1 �X ∈ Rn, Y ∈ Rn�ü��þ§K

Vc(XY
T ) = Y ⊗X.

2 �A ∈Mm×p, B ∈Mp×q, C ∈Mq×n§K

Vc(ABC) = (CT ⊗A)Vc(B).

Vc´òÝ
U�Ð¤����þ.
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HadamardÈÈÈ½½½ÂÂÂ���555���

½½½ÂÂÂ1.3.1

�A = (aij), B = (bij) ∈Mm×n§KA�B�HadamardÈ½Â�µ

A�B = (aijbij) ∈Mm×n. (3)

~~~1.3.1

�

A =

(
1 2 3
6 7 8

)
, B =

(
−1 5 0
4 −3 1

)
,

K

A�B =

(
−1 10 0
24 −21 8

)
.
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555���1.3.1

�A,B,C�·�Ý
§a, b ∈ R§Kk
1 ��Æ

A�B = B �A.
2 (ÜÆ

(A�B)� C = A� (B � C).

3 ©�Æ
(aA+ bB)� C = a(A� C) + b(B � C).

4

(A�B)T = AT �BT .
5 �A,B ∈Mn´é¡
, eA ≥ 0, B ≥ 0§K

det(A�B) ≥ det(A) det(B).

555���1.3.2

�A,B ∈Mn´é¡
§

eA ≥ 0, B ≥ 0, KA�B ≥ 0;

eA > 0, B > 0§KA�B > 0,

ùpA ≥ (>)0 L«Ý
A��½(�½).
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Khatri-RaoÈÈÈ½½½ÂÂÂ���555���

½½½ÂÂÂ1.4.1

�n,m, p, q, ni,mj , pi, qj , (i = 1 · · · r, j = 1 · · · s)þ���ê§�÷v
r∑
i=1

mi = m,
s∑
j=1

nj = n,
r∑
i=1

pi = p,
s∑
j=1

qj = q,

A = (Aij) ∈Mm×n, B = (Bij) ∈Mp×q�©¬Ý
§Ù¥Aij ∈Mmi×nj ,
Bij ∈Mpi×qj ,=

A =


A11 A12 · · · A1s

A21 A22 · · · A2s

...
...

. . .
...

Ar1 Ar2 · · · Ars

 , B =


B11 B12 · · · B1s

B21 B22 · · · B2s

...
...

. . .
...

Br1 Br2 · · · Brs

 .

½ÂÝ
AÚB�Khatri-RaoÈ�µ

A ∗B = (Aij ⊗Bij) ∈Mu×v, (4)

Ù¥u =
∑r
i=1 mipi, v =

∑s
j=1 njqj .
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Khatri-RaoÈÈÈ½½½ÂÂÂ���555���

~~~1.4.1

�

A =
(
A1 A2 A3

)
=

[
1 0 −1 −1 −2

2 −1 1 1 4

]
,

B =
(
B1 B2 B3

)
=

 3 4 −1 0 0

0 1 2 1 0

2 4 1 0 1

 ,
K

A ∗B =
(
A1 ⊗B1 A2 ⊗B2 A3 ⊗B3

)

=



3 4 −1 0 0 0 0

0 1 2 1 −1 0 0

2 4 1 0 0 −1 −2

6 8 −2 0 0 0 0

0 2 4 −1 1 0 0

4 8 1 0 0 1 4
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5551.4.1

1 er = s = 1, KA ∗B = A⊗B;

2 em = p, n = q,m1 = m2 = · · · = mr = n1 = n2 = · · · = ns = 1,
KA ∗B = A�B;

3 eA ∈Mm×r, B ∈Mn×r, A =
(
A1 A2 · · · Ar

)
,

B =
(
B1 B2 · · · Br

)
, K

A ∗B =
(
A1 ⊗B1 A2 ⊗B2 · · · Ar ⊗Br

)
;

4 Ó�ü�Ý
, y©ØÓ, ¦È(J�ØÓ.
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Khatri-RaoÈÈÈ½½½ÂÂÂ���555���

555���1.4.1

1 (ÜÆµ�A ∈Mm×r, B ∈Mn×r, C ∈Mp×r§K

(A ∗B) ∗ C = A ∗ (B ∗ C).

2 ©�Æµ�A,B ∈Mm×r, C ∈Mn×r, a, b ∈ R§K

A ∗ (aB + bC) = a(A ∗B) + b(A ∗ C),

(aA+ bB) ∗ C = a(A ∗ C) + b(B ∗ C).
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���ÜÜÜþþþÈÈÈ½½½ÂÂÂ

2.1.1

�X ∈ R1×np, Y ∈ Rp×1, òx�©¤p¬, X =
(
X1 X2 · · · Xp

)
, ½ÂÝ
A

ÚB ��ÜþÈ�

X n Y =

p∑
i=1

Xiyi ∈ R1×n. (5)

½½½ÂÂÂ2.1.2

�A ∈Mm×n, B ∈Mp×q , t�nÚp���ú�ê, ½ÂÝ
AÚB ��ÜþÈ�

A nB = (A⊗ It/n)(B ⊗ It/p) ∈M(mt/n)×(qt/p). (6)

5552.1.1

�n = p§KkA nB = AB;

�n = rp§PA �r B§KkA nB = A(B ⊗ Ir);

�rn = p§PA ≺r B§KkA nB = (A⊗ Ir)B.

Cheng D Z. Semi-tensor product of matrices and its application to Morgan.s

problem. Science In China (Series F), Vol. 44(3): 195-212, 2001.

Cheng D Z, Qi H, Li Z. Analysis and Control of Boolean Networks: A
Semi-tensor Product Approach. London: Springer, 2011.
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~~~2.1.1

1. �X =
(
1 2 3 −1

)
, Y =

(
1
2

)
, K

X n Y =
(
1 2

)
· 1 +

(
3 −1

)
· 2 =

(
7 0

)
.

2. �X =
(
1 2 −2

)
, Y =

(
−1 2 1 −1 2 3

)T
, K

X n Y = 1 ·
(
−1
2

)
+ 2 ·

(
1
−1

)
+ (−2) ·

(
2
3

)
=

(
−3
−6

)
.

3. �A =

1 2 1 1
2 3 1 2
3 2 1 0

, B =

(
1 −2
2 −1

)
, K

AnB=



(
1 2 1 1

)(1
2

) (
1 2 1 1

)(−2
−1

)
(
2 3 1 2

)(1
2

) (
2 3 1 2

)(−2
−1

)
(
3 2 1 0

)(1
2

) (
3 2 1 0

)(−2
−1

)

=

3 4 −3 −5
4 7 −5 −8
5 2 −7 −4
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~~~2.1.1YYY

4. �A =

1 2 1
2 3 1
3 2 1

, B =

(
1 −2
2 −1

)
, K

AnB= (A⊗ I2)(B ⊗ I3)

=


1 0 2 0 1 0
0 1 0 2 0 1
2 0 3 0 1 0
0 2 0 3 0 1
3 0 2 0 1 0
0 3 0 2 0 1




1 0 0 −2 0 0
0 1 0 0 −2 0
0 0 1 0 0 −2
2 0 0 −1 0 0
0 2 0 0 −1 0
0 0 2 0 0 −1



=


1 0 2 0 1 0
0 1 0 2 0 1
2 0 3 0 1 0
0 2 0 3 0 1
3 0 2 0 1 0
0 3 0 2 0 1
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���ÜÜÜþþþÈÈÈ���555���

555���2.2.1

�A,B,C�·�Ý
§a, b ∈ R§Kk
1 (ÜÆ

(AnB) n C = An (B n C).

2 ©�Æ

An (aB + bC) = a(AnB) + b(An C),

(aA+ bB) n C = a(An C) + b(B n C).

3

(AnB)T = BT nAT .

4 �A, Bþ�_§K

(AnB)−1 = B−1 nA−1.
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555���2.2.2

� A � B þ��
, K

1 AnB � B nA k�Ó�A�¼ê;

2

tr(AnB) = tr(B nA)

3 XJ A ½ B �_, K AnB ∼ B nA, “ ∼ ” L«Ý
�q;

4 XJ A � B þ�þn� (en�!é�
½��
), @o, AnB �´
þn� (en�!é�
½��
);

5 �A ∈Mm×m, B ∈Mn×n, t�mÚn���ú�ê, @o

det(AnB) = [det(A)]t/m[det(B)]t/n.

555���2.2.3 ���þþþ������ÜÜÜþþþÈÈÈ���ÜÜÜþþþÈÈÈ���±±±ppp���===zzz

� X ∈ Rm, Y ∈ Rn �ü��(1)�þ, K

X n Y = X ⊗ Y.
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Ú\��PÒ: � A ∈Mm×n, B ∈Mp×q, ½Â A � B �'~�

A : B
4
= n : p.

½½½ÂÂÂ2.2.1

� A : B = n : p, ©¬

A =


A11 A12 · · · A1l

A21 A22 · · · A2l

...
As1 As2 · · · Asl

 , B =


B11 B12 · · · B1t

B21 B22 · · · A2t

...
Bl1 Bl2 · · · Blt

 (7)

¡���T�©� (proper division), XJ

Aiα : Bαj = n : p, i = 1, 2, · · · , s; j = 1, 2, · · · , t.
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½½½nnn2.2.1

� A : B = n : p, ©¬ (7) ���T�©�, KAnB =
(
Cij
)
, Ù

¥Cij =
∑l
k=1 A

ik nBkj .

íííØØØ2.2.1

�3 (7) ¥ A ��þ©, = Aij , j = 1, · · · , l ��ê��, B �1þ©,
= Bij , i = 1, · · · , l �1ê��, KT©���T�©�. Ïd, ©¬¦{¤á.

íííØØØ2.2.2

� A ∈Mm×n, B ∈Mp×q, K

AnB :=
(
Cij | i = 1, · · · ,m; j = 1, · · · , q

)
, (8)

ùp
Cij = Rowi(A) n Colj(B).
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~~~2.2.1£££IIIOOOÈÈÈ(((ÜÜÜÆÆÆ������~~~¤¤¤

�X,Y, Z,W ∈ RnÑ´��þ, O�XY TZWT . w,keª¤á

(XY T )(ZWT ) = X(Y TZ)WT = (Y TZ)(XWT ) ∈Mn×n. (9)

eUY^(ÜÆKk

(Y TZ)(XWT ) = Y T (ZX)WT . (10)

d?ZX3Ý
¦{¥´Ø�N�§�´^�ÜþÈKØ¬Ñygñ, ·�k
eª¤á

(Y TZ)(XWT ) = Y T n (Z nX) nWT . (11)
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···KKK2.3.1 £££���������ÆÆÆ¤¤¤

�A ∈Mm×n,

eZ ∈ Rt��1�þ, KAn Z = Z n (It ⊗A);

eZ ∈ Rt����þ, KZ nA = (It ⊗A) n Z.
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½½½ÂÂÂ2.3.1 £££���   ÝÝÝ


¤¤¤

½Â (m,n)-�� Ý
Xe:

W[m,n] : =
[
In ⊗ δ1

m, In ⊗ δ2
m, · · · , In ⊗ δmm

]
=
[
δ1
n n δ1

m · · · δnn n δ1
m · · · δ1

n n δmm · · · δnn n δmm
]

=

 Im ⊗ (δ1
n)T

...
Im ⊗ (δnn)T

 .
Ù¥δim �m�ü Ý
�1i�.

~~~2.3.1

W[2,3] =

(11) (12) (13) (21) (22) (23)
1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 0 0 1


(11)
(21)
(12)
(22)
(13)
(23)
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···KKK2.3.2 £££���   ÝÝÝ


���555���¤¤¤

WT
[m,n] := W[n,m], W−1

[m,n] := WT
[m,n].

···KKK2.3.3

� X ∈ Rm, Y ∈ Rn �ü���þ, K

W[m,n]X n Y = Y nX.

� X ∈ Rm, Y ∈ Rn �ü�1�þ, K

X n YW[m,n] = Y nX.
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���ÜÜÜþþþÈÈÈ���`̀̀:::

1. �»
�ê���

2. ÊÏÝ
¦{�í2

3. A��±¤kDÚÝ
¦{�5�

4. �±L«?¿�g�5N�

5. k�½����5
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1 ¥I�Æ�§�ÐïÄ
�»
ÊÏÝ
¦{éu�ê���, JÑ��
«#�Ý
¦È))Ý
�ÜþÈ(Semi-Tensor Product of Matrices), ò
DÚÝ
¦Èí2�����¹. |^Ý
�ÜþÈ�{, �±ò�,�
Ü6Ä�üzL§=z�{'�lÑS�/ª.

2 ¥I�Æ�HX�¬��
pÝµd, ¡“Ý
��ÜþÈ�U¬¤�O
�Å�����#�êÆóä��, ±¢yÄuO�uy#y�, )û#
¯K�8�”.

Cheng D Z, Qi H S. A linear representation of dynamics of Boolean
networks[J]. IEEE Transactions on Automatic Control, 2010,
55(10):2251–2258.

HX. µ“Ý
��ÜþÈ: ��B$�#óä”[J]. �ÆÏ�, 2011,
56(32): 2662-2663.
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Chapter 9: Semi-Tensor Product Approach

/This book gives a brief introduction to the semi-tensor product approach
that was proposed and developed by Daizhan Cheng and his colleagus, because
many studies have recently been done based on this approach.0

T. Akusu, Algorithms for Analysis, Inference, and Control of Boolean
Networks, World Scientific, Sigapore, 2018.

Appendix 2: Semi-Tensor Product

/The second one (appendix) sketches the important theory of Daizhan
Cheng.0

S.E. Vlad, Boolean Systems: Topics in Asynchronicity, Elsevier, London,
2023.
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3 �èÆ£��5£ M�ì¤

4 õ�UNÓÚ�è���

5 k�gÄÅ

6 �æ�ä�êi>´�O

7 �ä�Î��ö�

8 S-uÄÅ

9 �U[Ø

10 C�XÚ

11 �
XÚ!�
Ü6XÚ

12 þf��XÚ

13 ã�£O!Ø a�£STP-CSEâ¤

14 p�ÜþTucker /ª�Cq

15 k���ê!k���ê!p�ê|(p�Ý
)

16 ãØ......
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Li F F. On the logical control of Markovian jump Boolean networks: A generalization[J].

IEEE Transactions on Systems, Man, and Cybernetics: Systems, 2022, 53(3): 1872-1881.

Li F F, Tang Y. Multi-sensor fusion Boolean Bayesian filtering for stochastic Boolean

networks[J]. IEEE Transactions on Neural Networks and Learning Systems, 2022, DOI:
10.1109/TNNLS.2021.3138132.

Li F F, Tang Y. Pinning controllability for a Boolean network with arbitrary disturbance

inputs[J]. IEEE Transactions on Cybernetics, 2021, 51(6): 3338-3347.

Li R, Yang M, Chu T G. State feedback stabilization for Boolean control networks[J]. IEEE

Transactions on Automatic Control, 2013, 58(7): 1853–1857.

Li H T, Wang Y Z. Output feedback stabilization control design for Boolean control
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networks and other finite-valued systems[J]. IET Control Theory and Application, 2017,
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Zhang K Z, Zhang L J. Controllability of probabilistic Boolean control networks with

time-variant delays in states[J]. Sci China Inf Sci, 2016, 59: 92204.

Fornasini E, Valcher M.E. Recent developments in Boolean networks control, J. Control Dec.

2016, 3(1): 1õ18.
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3Ý
���ÜþÈ�½Âª¥, XJòü 
���>, ��

AoB =
(
It/n ⊗A

) (
It/p ⊗B

)
.

§¡�Ý
�m�ÜþÈ.

(i) §�´Ý
ÊÏÈ�í2.

(ii) §�÷vÝ
¦È����¦, =÷v(ÜÆ�©�Æ.

Ïd, z�«Ý
��ÜþÈÑ�±�E�A�m�ÜþÈ.
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½½½ÂÂÂ3.1.2 £££ÝÝÝ


¦¦¦fff¤¤¤

3Ý
���ÜþÈ�½Âª¥, ·�^ü 
{Ik | k = 1, 2, · · · } ��Ý
�
ê. ùp{Ik | k = 1, 2, · · · } ¡�Ý
¦f. ?Û�x�


{Γk ∈Mk×k | k = 1, 2, · · · }

Ñ�±¡�k��Ý
¦f, XJ^§½ÂÑ5�Ý
�ÜþÈ÷v:

(i) §´Ý
ÊÏÈ�í2.

(ii) §÷v(ÜÆ�©�Æ.

½½½ÂÂÂ3.1.3: ���666uuuÝÝÝ


¦¦¦fff���ÝÝÝ


���ÜÜÜþþþÈÈÈ

�Γ = {Γn|n ≥ 1}��Ý
¦f, A ∈Mm×n, B ∈Mp×q. @o, A�BÄu¦
fΓ�Ý
-Ý
��ÜþÈ½ÂXe:

AnΓ B := (A⊗ Γt/n)(B ⊗ Γt/p), (12)

ùpt�n �p���ú�ê.

§�Ð, àö�. Ý
�ÜþÈùÂ, ò�: Ä�nØ�õ�5$�. �ÆÑ
��, �®, 2020.
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¦¦¦fff

1

Jn :=
1

n
1n×n, n = 1, 2, · · · .

2

(∆U
n )i,j =

{
1, i = 1, �j = 1,

0, Ù¦.

3

(∆D
n )i,j =

{
1, i = 1, �j = n,

0, Ù¦.

§�Ð, àö�. Ý
�ÜþÈùÂ, ò�: Ä�nØ�õ�5$�. �ÆÑ
��, �®, 2020.
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-���þþþ���ÜÜÜþþþÈÈÈ¤¤¤

-A ∈Mm×n, X ∈ Vk, t�n �k���ú�ê. @o, A3Xþ��^�½Â
Xe:

A~nX := (A⊗ It/n)(X ⊗ 1t/k).

aquÝ
-Ý
�ÜþÈ¥�Ý
¦f, ·�Ó��±½ÂÝ
-�þ�Üþ
È¥��þ¦f.

üüü«««���þþþ¦¦¦fff

1

γ = δU := {δ1
n|n = 1, 2, · · · }.

2

γ = δD := {δnn |n = 1, 2, · · · }.
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�Γ��Ý
¦f, γ���þ¦f, A ∈Mm×n, x ∈ Rr, t ´n �r ���ú
�ê. @o, A�x�'uΓ�γ�Ý
-�þ�ÜþÈ({¡�“MV-STP”), P
�~×, ½ÂXe:

�MV-STP:
A~×lx := (A⊗ Γt/p)(x⊗ γt/r). (13)
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1 ��lÑ�m��5XÚ�½ÂXe:

x(t+ 1) = A(t)~nx(t), x(0) = x0,

A(t) ∈M, x(t) ∈ V.
(14)

2 ��ëY�m��5XÚ�½ÂXe:

ẋ(t) = A(t)~nx(t), x(0) = x0,

A(t) ∈M, x(t) ∈ V,
(15)

Ù¥M =
⋃∞
m,n=1Mm×n ÚV =

⋃∞
n=1 Vn.

Cheng D Z. From dimension-free matrix theory to cross-dimensional
dynamic systems, Elsevier, London, 2019.
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�x ∈ Rm, y ∈ Rn, t�n �m���ú�ê, KÙ�ÜþÈ�½ÂXe:

x~· y :=
〈
(xn 1t/m), (y n 1t/n)

〉
,

ùp, 〈·, ·〉 ´î¼�mRt þ�ÊÏSÈ.

5554.3.1

�þ-�þ�ÜþÈ�^5½Â��î¼�m

R∞ :=
∞⋃
n=1

Rn

þ�SÈ, l�Ñ�ê��ål, ¦R∞ ¤����´ëÏ�ÿÀ�m, ?
��E�©6/(�.
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���ÜÜÜþþþÈÈÈDimensional-keeping STP¤¤¤

�A ∈Mm×n, B ∈Mp×q. @o, A�B���ê�Ý
�ÜþÈ½ÂXe:

A

n

B :=
(
A⊗ 1Tt/n

) (
B ⊗ 1t/p

)
. (16)

ùpt�n �p���ú�ê.

5553.4.1

(i) en = p, KA

n

B = AB.

(ii) ¯¢þ, A�B���ê�Ý
�ÜþÈ�dXeúªO�µ

A

n

B := AΨn×pB. (17)

Ù¥Ψn×p =
(
In ⊗ 1Tt/n

) (
Im ⊗ 1t/p

)
∈Mn×p¡�n× p�xÝ


£bridge matrix¤.

(iii) eA,B ∈Mm×n, KA
n

B ∈Mm×n.

¯̄̄KKK3.4.1

��ê�Ý
�ÜþÈk�oêÆ5�º§qk=
A^Qº
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���ÜÜÜþþþÈÈÈ¤¤¤

�A ∈Mm×n, B ∈Mp×q , t�n �p���ú�ê.

(i)
ξ = {ξn ∈ Rn+ | ξ1 = 1, ξn 6= 0n, n ∈ Z+}.

(ii) A�B�\���ê�Ý
�ÜþÈ£Weighted DK-STP¤½ÂXe:

A

n ξ
ηB :=

(
A⊗ ξTt/n

) (
B ⊗ ηt/p

)
:= AΨξηB. (18)

Ù¥Ψξη =
(
In ⊗ ξTt/n

) (
Im ⊗ ηt/p

)
∈Mn×p ¡�n× p�\�xÝ
.

5553.4.2

(i) en = p, KA

n ξ
ηB = AB.

(ii) \���êÝ
�ÜþÈ´��ê�Ý
�ÜþÈí2.

¯̄̄KKK3.4.2

\���ê�Ý
�ÜþÈk�oêÆ5�º§qk=
AÏ/ªº

D. Cheng, X. Zhang, Z. Ji, From STP to ì-STP, CCC, 2024.

D. Cheng, X. Zhang, Z. Ji, C. Li, Observer-Based Realization of Control
Systems, IEEE TAC, under review. 65 / 69
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½½½ÂÂÂ3.5.1: ���ÝÝÝ


���ÜÜÜþþþÈÈÈ

�½Ý
A ∈Mm×n, B ∈Mp×q, s = m ∨ p, t = n ∨ q, KÝ
A �B ��Ý

�ÜþÈ½Â�µ

A ˆn B :=
(
A⊗ Es/m×t/n

) n (
B ⊗ Es/p×t/q

)
, (19)

ùp, Eu×v = 1√
uv

1u×v.

5553.5.1

(i) �m = n = p = q �, A ˆn B = AB.

(ii) A ˆn B�B ˆn A�ê�Ó, M =
⋃
m,nMm×n?¿�êÝ
�Lie�ê.

¯̄̄KKK3.5.1

�Ý
�ÜþÈ�Ù§Ý
�ÜþÈ�'§k�oØÓº

D. Cheng, From DK-STP to Non-square General Linear Algebra and
General Linear Group, (preprint: http:arxiv.org/abs/2305.19794), 2023.
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https://m-stp.lcu.edu.cn/

http://lsc.amss.ac.cn/∼dcheng/stp/STP.zip
http://lsc.amss.ac.cn/∼hsqi/soft/STP.zip
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