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I. STP/STA with Algebraic Structure
of Matrices

= Algebra and Matrix in Ancient China

@ R[] - RETCEEA T B B AL HIE 7).

@ Katz [2] : The idea of a matrix has a long history, dated
at least from the use by Chinese scholars of the Han
period for solving systems of linear equations. (45
P s sz, 2/ alig ) o EDAS, T &M TT iR 4)

@ Crilly [3] : The matrix was initiated from 200 BC, Chi-
nese mathematicians used it. (P2 T A JGHT200
F, PEB AR 7B )

o FIM[4] : <« NWEFARS P&t RA KT EH 2
T 29
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== The Goal of STP

It is our responsibility to develop matrix theory and its
related algebraic method, initiated by our ancestry!

@ [1] D. Lin, W. Li, Y. Yu, Mathematics and Mathematics-
Mechamization, Shandong Educational Press, Jinan,
2001.

¥ [2] V.J. Katz, A History of Mathematics, Brief Version,
Springer, New York, 2004.

¥ [3] T. Crilly, The 50 Mathematical Problems You Must
Know, (translated by Y. Wang), People’s Post Elec.
Press, Beijing 2012.

® [4] W. Li, A History of Mathematics, CHEP and
Springer, Beijing, 2000.
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= Group

Definition 1.1

Consider a set G with an operator « : G — G: (G, ). Itis
called

(i) Semi-Group: if

ax(bxc)=(axb)xc, a,b,c€QG. (1)

(i) Monoid (semi-group with identity): if in addition to (i),
there exists an identity e € G, such that

axe=exa=a, Va€QG. (2)
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Definition 1.1(cont’d)

(iii) Group: if in addition to (i) and (ii), for each a € G there
exists a unique inverse a~! such that

axa '=a'l'vxa=e, Vaeai. (3)

In addition, if

axb=bxa, Va,beaQq, (4)

(G, %) is called an abelian group.

6/41



i STA vs Additive Group

(Examplet2
(i) Z,+), (Q,+), (R,+), (C,+) are groups.
(ii) (R*,+) is a group.

(iii) (M,uxn, +) is a group.

Definition 1.3
(i _
R = JR".
n=1
(ii) Let x,y € R*. Say, x € R", y € R*, and ¢t = lecm(m, n).

Then

xEy = (x ® lt/m) 5E (y ® lt/n) € R c R™.
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Consider (R, ¥).
Is it a group? No!

e={0,cR" [n=12,--1.

Hyper group: “Group “with multi-identity.

Then we might say (R>, 1) is a hyper group.

8/41



& Matrix Additive Group

Definition 1.4
(i) Let Q" be the set of positive rational numbers. u =

py/ b € Q. ged(py, pix) = 1.
M, ={A € My | m/n = p}.

Particularly, M, is the set of square matrices.

(if) Assume A,B € M,. Say, A € M, xmu, and B €
M, scne, @nd lem(m, n) = t. Then

A+B = (A & It/m) I (B X It/n)' (5)

AYB = (A®Jym) + (B®Jy/), (6)

where J; = 11t
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(i) (M, +) is an abelian group.
(ii) Neither (M,, +) nor (M,, +) is a group.
Both (M,,, +) and (M,,, +) are abelian Hyper groups.
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= Matrix Product Group

Definition 1.6

(i) LetA € M,,xn, B € M,y,, and t = lem(n,p). The STP
of A and B is

ANXB:= (A ® If/n) (B ® It/p) € Muufuxafp-  (7)

(i)
M = U U Mnsen-
m=1n=1
(iii)
T, = {A € M,x, | Ais invertible.}.
(iv)

T::Uﬁ.

n=1
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<

(i)
(i)

, ) is @ monoid with identity e = 1.
, X) is a group.

, ) is not a group.

, X) is a hyper group.

S5 3

(
(
(i) (
(

Definition 1.8
Consider M.
(i) Define

1

\/T—nlmxna

(ii) LetA,B e M,sayA € M,,xn, B € My, lem(m,p) =,
and lem(n, g) = t. Define

gmxn = m,n c Z+.

AEB = (A® Ejmxasn) £ (B® Espxijg) € Mixs.  (8)

v
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Example 1.9

(M, ¥) is an abelian hyper group.
ww DK-STP and Pseudo DK-STP

Definition 1.10

LetA,B e M. Say A € M,,xn, B € M,,. Define
(i) (DK-STP)

AXB:=(A®E))B®E)) € Mumxap,  (9)

where t = lem(n, p).
(if) (Pseudo-DK-STP)

A %B = (A X gs/mxt/n) X (B ® gs/pxt/q) S MSXI7 (10)

where s = lem(m, p), and ¢ = lem(n, q).

A
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Proposition 1.11
(i) (M, x) is a semi-group.
(ii) (M, %) is a semi-group.

Poincaré: “All of mathematics is a tale about group.”

(BEINSE: BT RIBCA A R R R )

¥ [5] I. James, Remarkable Mathematicians — From Euler
to von Neumann, Cambridge Univ. Press, 2002.
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Il. Hyper Group

= Lattice

Definition 2.1

A partial order set A is a lattice, if A\, u € A, there are
sup(A, ) (or AV ), and inf(A, i) (or A A p).

Hasse diagram: in Figure 1 the left is a lattice, the right is
not a littice.

Lattice NotLattice

8§ ae E L 1))

b
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(i) Consider Z,. Seta < bifa # b and alb, i.e. ais a
proper factor of b. It follows that

aVb=Ilem(a,b); aAb=gecd(a,b).

Then (Z,, <) is a lattice, called MD-1 Iattice.
(ii) Consider Z, x Z,. Set (a,c) < (b,d) if both a < b and
¢ < d (defined as in (i)). It follows that

(a,c) V (b,d) = (Iem(a, b),lcm(c, d));
(a,c) A (b,d) = (ged(a, b), ged(c,d)).

Then (Z, x Z,, <) is a lattice, called the MD-2 lattice.
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i Set of Identities (with Lattice Structure)

Definition 2.2

Consider a semi-group G = (G, *) .

identity set of G, if
(i)

gxe=exg, VgegG, Vece.

(if) There is a lattice A as the index set of e, that is,

e={ey| A A}

Moreover,

ex* e, = ey,

A\ p €A

e C G is called an

(11)

(12)
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Definition 2.2(cont’d)

(iif) For each g € G there exists a unique ¢, = e,, € e such
that

exxg =g, (13)

if and only if, A < A, (including A = A,).
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= Hyper Group

Definition 2.3
Consider a semi-group G = (G, ) .
(i) G = (G, %) is a hyper-monoid, if there exists an identity
sete C G.
(ii) A hyper-Monoid G = (G, %) is a hyper group, if for each
g € G, there exists a g~! € G such that

gxg ' =g ' xg=e¢,. (14)

In addition, if axb = b xa, Va,b € G, thenitis called an
abelian hyper-monoid/hyper group.
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Example 2.4
(i) (R*,¥)is a hyper group, where

e={0,eR"|neZ}, (15)

w.r.t. MD-1 lattice.

(i) (My,+) (or (M, ¥)) is a hyper group, where the iden-
tity set is

e ={0,xn € My |nEZ,Y, (16)

w.r.t. MD-1 lattice.

(iii) (M, +)) (or (M,,+)) is a hyper group, where the
identity set is

€= {Onuyxn,ux € Mnyyxn,ux ’ ne Z+}> (1 7)

w.r.t. MD-1 lattice.
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Example 2.4(cont’d)

(iv) (M, T) is a hyper group, where the identity set is
€ = {Omxn S men | (m> I’l) S Z-I— X Z+}7 (18)
w.r.t. MD-2 lattice.

Recall that

T =T

C8

i=1

where 7, is the set of n x n invertible matrices. Then
(T, x) is a hyper group, where the identity set is

e={l, e M., | n€Z,}, (19)

w.r.t. MD-1 lattice.
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= Component Groups

Proposition 2.6

Assume G = (G, x,e) is a hyper group, where e w.r.t. A.
Foreache, ce, A€ AsetG, C G as

Gy, ={xeG|e. =er} (20)

Then

(i) For each A € A, G, = (G, ) is a group, called the
component group of G, and its identity is e,.

(ii)
G= U Gy (21)

is a partition.
(iiif) If x € Gy andy € G,, then x xy € Gyy,.
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iz Equivalence

Definition 2.7

Consider a hyper group G = (G, x,e) . Letx, y € G. x and
y are said to be equivalent, denoted by x ~ y, if there exist
e, and eg such that

X*xe, =Y *eg. (22)
The equivalence class of x, denoted by x, is

x={yeG|y~ux}

Definition 2.8

Consider a hyper group G = (G, *). The equivalence ~
is said to be consistent with the group operator x, if the
followings are satisfied.
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Definition 2.8(cont’d)

(i) If x; ~ x, and y; ~ y,, then
X1 kY1~ Xk Y). (23)

(if) If there exists e € e such that x ~ e, then x € e.

Then we have the identity set as one element.

Proposition 2.9

Consider a hyper group G = (G, %, e). If the equivalence is
consistent with the operator, then

e=e, ece. (24)
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Proposition 2.10

Consider a hyper group G = (G, %, e). Assume the equiva-
lence ~ defined by (22) is consistent with x. Then

X*ky:=X*y, (25)

is properly defined. Moreover, G = (G, ) is a group, called
the equivalence group of G, denoted by

(j = g/ ~= <G7 *)7

where G = {x | x € G}.

Observing Propositions 2.6 and 2.10, a geometric picture
for the structure of a hyper group, called the group decom-
position of hyper group, is depicted by Figure 2.
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A Ge g
G:
G;
G! 2

0

Figure 2: Group Decomposition of a Hyper-Group G
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lll. Permutation Hyper Group

i | eft Permutation Hyper-Group

Definition 3.1
Assume m|n, and km = n, define ¢' : S,, — S, as

@ (0)((i = Dk +5) == (0 (i) — Dk + s,

€S,, sel,k], ie[l,m]. (26)

Note that

M%n(a) =M, R I. (27)
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Definition 3.2

Leto €S, n€S,,and t = lem(o, ). Then

0O p=¢l(0)op(n) €S (28)

| A

Proposition 3.3
(S, ®,e) is a hyper group, where

e={ld,|neZ"}

w.r.t. MD-1 lattice.

N

Q1: What is the quotient group?

Q2: Is left permutation hyper group isomorphic to right per-
mutation hyper group?
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IV. Hyper Ring

i Matrix Ring

Definition 4.1

Let R be a set with + and x. It is a ring if
(i) (R,+) is an abelian group.

(if) (R, x) is a semi-group.

(iii) (Distributive Law)

(a+b)xc=axc+bxc, (29)
ax(b+c)=axb+axc. a,b,ceR

In addition if (R, x) is a monoid (i.e., with identity), R is
called a ring with identity; if a x b = b x aVa,b € R, R is
called a commutative ring.

29/41



Example 4.2
(i) (Myxn, +, x) is a ring with identity.
(i) (Myuxn, +, X) is aring.

Definition 4.3

Let R be a set with + and x. It is a hyper ring if
@ (R,+) is a hyper group.
@ (ii) and (iii) are the same as in Definition 4.1.
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Example 4.4
(i) (M, F, x) (or (M, +,0)) is a hyper ring, where

A+B = (A X It/m(B ®It/n)7 A€ mem;B € Man-

A¥B := (AR J,yn(B® Jy/n).

1
AoB= (A ®Jt/m)(B ®Jt/n)7 (Jk = gkxk = zlkxk)~

(ii) (M, +, %) is a hyper ring, where (A € M., B €
M,xqgs s =lem(m, p), and ¢ = lem(n, q)),

A—T—'B = (A &® gs/mxt/n) Sl (B ® gs/pxt/q) S MSXt'

AR B = (A® Emuin) X (B® Eyjpafg) € M.
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1= Decomposition of Hyper Ring

Proposition 4.5
Consider a hyper-ring (R, +, x) with the identity set of its
addition hyper group as e = {e) | A € A}.

(i) Ifthe addition + and the product x of R are consistent,
then each (R,,+, x) is a ring, called the component
ring of the hyper-ring (R, +, x) .

(if) In addition to (i), if the equivalence is consistent with
the operators, then the operators over quotient space
can be defined properly by

)f+)j::x—|—y, X,y € R, (30)

Therefore, the quotient space becomes a ring, called
the equivalence ring.
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Similarly to hyper groups, the decomposition of hyper-rings
are shown in Figure 3.

AR" R
R:
&

Figure 3: Ring Decomposition of a Hyper-Ring R
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V. Hyper Vector Space

= \ector Space

Definition 5.1 [6]

A vector space V over Ris atriple V = (X, +,-) , where X is
a set with elements x € X are vectors; addition + : X x X —
X, and scalar product - : R x X — X, satisfying

(1) (X,+) is an abelian group, that is,

(i) Associativity:
x+y)+z=x+(+2), xyzeX  (31)

(if) Commutativity:

x+y=y+x, xyeX. (32)

4
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Definition 5.1(cont’d)
(iii) Zero: There exists a unique 0 € X, such that

x+0=0+x=x, VxeX. (33)

(iv) Inverse: For each x € X there exists a —x € X, such
that

x+(—x)=0, xeX. (34)
(2) Scalar product satisfies
(i) Associativity:

(rir) - x=r-(n-x), rnnelfF xeX (35)
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Definition 5.1(cont’d)

(ii) Distributive Law:
(rm4+rn) - x=r-x+rn-x, rr,nck (36)
r-(x+y)=r-x+r-y, x,yeX.
(iii) Unit:
l-x=x, 1leRxeX. (37)

Definition 5.2

A hyper vector space is structurally similar to a vector
space except that (X, +) is an abelian hyper group.

| \

<

@ [6] W. Greub, Linear Algebra, 4 ed., Springer-Verlag,
New York, 1981.
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(i) (R*, ) is a hyper-vector space.

(i) (M, ) is a hyper-vector space. (M, ) is also a
hyper-vector space.

(iii) (M,.+) (or (M,,.+)) is a hyper-vector space.
(iv) (M, ) is a hyper-vector space.

Proposition 5.4

Consider a hyper-vector space V = (X, +,-). Assume e =
{ex | A € A}. Then

(i) Foreach )\ € A, X, is a vector space.

(i) Assume the addition is consistent w.r.t. equivalence,
then the equivalence group is a vector space.

v
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VI. Hyper Module

=z Hyper Module

Definition 6.1

Let R be a hyper ring. A (left) R-module is an additive
(abelian) hyper group A with a function 7 : R x A — A

such that

(i)

(i)

rla+b)=ra+rb, reR, a becA;

(r+s)a =ra+ sa,

r,s €R, a, beA;

(38)

(39)

v
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Definition 6.1(cont’d)
(iii)
r(sa) = (rs)a.
If R has an identity set e; for the product, such that
eRX ~ X ep € e Vx EA,
and there exists at least one e, € eg, such that
exxX = X,

then A is said to be a unitary hyper R-module.
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VII. Conclusion

= Hyper-Algebra

Hyper Group = Hyper Ring = Hyper Module
Hyper Vector Space
= Cross-dimensional linear (control) systems

® [7] D. Cheng, From Dimension-Free Matrix Theory to
Cross-Dimensional Dynamic Systems, Elsevier, Lon-

don, 1019.
@ [8] D. Cheng, Cross-Dimensional Mathemat-
ics — A Foundation for STP/STA, (preprint:

http:arxiv.org/abs/2406.12920), 2024.
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Thank you!
Any Question?



	STP/STA with Algebraic Structure of Matrices
	Hyper Group
	Permutation Hyper Group
	Hyper Ring
	Hyper Vector Space
	Hyper Module

